Numerical simulation provides a effective tool for studying both the spatial and temporal nature of acoustic field on 3D or 4D timespace. The paper deals with the description of discrete exterior calculus scheme for the wave equation. This method can be directly implemented on manifold, which is the generation of finite difference time domain method from flat space to curved space.
Introduction
The wave equation is an important second-order linear partial differential equation of waves, such as sound waves, light waves and water waves. It arises in fields such as acoustics, electromagnetics, and fluid dynamics. Numerical simulations are currently the best methods of making predictions of nonlinear ultrasound propagation. The finite difference time domain(FDTD) technique is widely used to solve the wave equation numerically, especially in the form of the Yee algorithm which relies on centered finite difference of field quantities defined on a staggered mesh [1] [2] [3] .
However, this algorithm is limited to a uniform Cartesian mesh. Using the technique in discrete exterior calculus(DEC) [4] [5] [6] [7] [8] [9] [10] , we put forward two discrete schemes for Laplace's operator on discrete manifold. So we can obtain the DEC scheme for wave equation, which can be directly simulated wave equation on manifold. This DEC scheme is the generation of FDTD from staggered mesh to simplex, so from flat space to curved space.
Wave equaion
The wave equation is the prototypical example of a hyperbolic partial differential equation. In its simplest form, the wave equation refers to a scalar function u that satisfies:
where ∆ is the Laplace's operator and c is the propagation speed of the wave. More realistic differential equations for waves allow the speed of wave propagation to vary with the frequency of the wave, a phenomenon known as dispersion. In this case, c is replaced by the phase velocity:
Another common correction in realistic systems is that the speed is depend on the amplitude of the wave, leading to a nonlinear wave equation:
DEC method
A discrete differential k-form, k ∈ Z, is the evaluation of the differential k-form on all k-simplices. Dual forms, i.e., forms that we evaluate on the dual mesh, are treated similarly. The geometric realization of the dual mesh in 3D tetrahedral discrete manifold:
• The dual vertice is tet circumcenter.
• The dual edge is polylines connecting dual vertices across the circumcenter of the shared tet face.
• The dual face is the polyhedral looped by the polylines connecting dual vertices across the circumcenter of the shared tet faces.
The geometric realization of the dual mesh in the 2D triangular discrete manifold:
• The dual vertice is triangular circumcenter.
• The dual edge is polylines connecting dual vertices across the circumcenter of the shared edge.
• The dual face is the polyhedral looped by the polylines connecting dual vertices across the circumcenter of the shared edges.
These discrete forms can now be used to build the tools of calculus through DEC. At the core of DEC is the definition two operators as follows:
• Discrete exterior differential operator d (overloading), this operator is the transpose of the incidence matrix of k-cells on k + 1-cells [6] .
• Discrete Hodge Star * (overloading), the operator scales the cells by the volumes of the corresponding dual and primal cells.
The DEC method can approximate temporal derivatives and Laplace's operator. The discrete analogs of curl and Laplace operators can be expressed as:
Now, we derive two discrete schemes for Eq.(1) in 2D curved space. The 3D case can also be done in the same way.
Combine with FDM
The temporal derivative presents be middle time differences as follows:
The Laplace operator based on Fig.1 is Fig.1 So we get the discrete scheme for wave equation. Since it reduces to finite difference scheme on grid of Euclidean space, this scheme can be looked as the combination of finite difference method(FDM) and DEC.
Combine with FVM
Now, we derive another discrete scheme for wave equation based on Fig.2 . We look ∂ 2 u ∂t 2 as the coefficients of discrete dual 2-forms(curved Polygon). Calculating the integral of Eq.(1) on discrete dual 2-forms P 123456 , we have
The temporal derivative part is a 2-dual forms as follows:
The discrete Laplace operator based on Fig.2 is Fig.2 Since it reduces to finite volume scheme on grid of Euclidean space, this scheme can be looked as the combination of finite volume method(FVM) and DEC.
Algorithm Implementation
A flowchart of he implemented DEC method of Eq.(1) can be seen in Fig.3 . Fig.3 This DEC algorithm was implemented in C # platform. The Fig.4 shows the sphere rippled gently, which is simulated by scheme (2) . The excitation source is Gaussian pulse. Fig.4 The Fig.5 and Fig.6 show the Gaussian pulse propagates on the sphere and rabbit, which is simulated by the scheme(3). 
Discrete Laplace's equation
The discrete Laplace's equation (3) on surface of regular tetrahedron ( Fig(7) ) is    
The solution of Eq. (4) is
where C is arbitrary constant. Eq. (4) is an imprecise approximation of Laplace's equations on sphere. Obviously, this equation has constant solution. 
The solution of Eqs. (5) is
Discrete heat equation
The heat equation can also be simulated by scheme(2) or (3). For a function u of spatial variables and the time variable t, the heat equation is ∂u ∂t = k∆u.
The Fig.8 shows the heat flow propagates on the sphere with constant heat source simulated by scheme(3). The temperature of green field is lower than the black field's. Fig.8 
